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Quantum size effect on the paramagnetic critical field in Pb nanofilms
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The quantum size effect on the in-plane paramagnetic critical field in Pb nanofilms is investigated
with the use of the spin-generalized Bogolubov-de Gennes equations. It is shown that the critical
field oscillates as a function of the nanofilm thickness with the period of ∼ 2 ML (even-odd oscil-
lations) modulated by the beating effect. This phenomena is studied in terms of the quantization
of the electron energy spectra caused by the confinement of the electron motion in the direction
perpendicular to the sample. The calculated values of critical fields for different nanofilm thicknesses
are analyzed in the context of Clogston-Chandrasekhar limit. The influence of the thermal effect
on the magnetic field induced superconductor to normal metal transition is also discussed. Further-
more, the thickness-dependence of the electron-phonon coupling and its influence on the value of
the critical magnetic field are studied.
PACS numbers: 74.78.-w
I. INTRODUCTION
The interplay between superconductivity and quan-
tum confinement has attracted growing interest due to
the unique phenomena which appear if the electron mo-
tion is limited to the size smaller than the coherence
length.1–7 The huge progress in nanotechnology which
has been made in the last decade allows to prepare uni-
form ultrathin films8–11 with new superconducting prop-
erties which were predicted many years ago.12 The oscil-
lations of the superconducting energy gap as a function
of the nanofilm thickness were predicted by Blatt and
Thompson12 in 1963. The authors of Ref. 12 showed that
the quantum-well states which are created due to the con-
finement of the electron motion in the direction perpen-
dicular to the film, greatly modulate the electron density
of states near the Fermi level and thus significantly affect
the superconducting energy gap of the nanofilm. As a re-
sult, one would expect a significant increase of the energy
gap each time the bottom of a subband passes through
the Fermi sphere. Nevertheless, either the experimental
studies carried out in these years did not exhibit such an
effect or the observed oscillations differed quantitatively
from the theoretical predictions.13 This inconsistency was
attributed to the technological difficulties in the prepa-
ration of uniform films which were typically polycrys-
talline and contained a large number of defects. Since
then, many technological obstacles were overcame what
reopened the issue for the quantum confinement effect on
the superconductivity in the nanoscale regime.
Recently, Guo at al.14 have fabricated ultrathin Pb
films on Si(111) substrate and observed the oscillations
of the critical temperature as a function of the number of
atomic monolayers. The origin of Tc oscillations associ-
ated with the quantum confinement has been confirmed
independently by the measurements of the quantum-well
energies by using photoemission spectroscopy. The re-
sults presented in Ref. 14 have concerned only films with
the thickness greater than 20 ML because of problems
with stability of the even-layered films below 22 ML.
The study of Pb nanofilms has been extended by Eom
et al.15 who have reported Tc oscillations in the epitax-
ially grown crystalline Pb films in the thickness range
5− 18 ML. In Ref. 15 the critical temperature has been
measured using scanning tunneling micoroscopy which
allows to avoid ambiguities associated with the Au layer
which has to be applied in the transport measurements
reported in Ref. 14. It has been found that there is a
direct correlation between the oscillations of the density
of states at the Fermi level and Tc oscillations. Also,
the measurements of the critical temperature for Pb
nanofilms on Si(111) substrate have revealed one more
interesting phenomena called bilayer or even-odd oscil-
lations. As it has shown, the critical temperature for
nanofilms with even number of monolayers is greater than
the one for nanofilms with odd number of monolayers in
proper ranges of nanofilm thickness. This dependence re-
verses (odd monolayer films have the critical temperature
greater than even monalayer films) with the periodicity
of 7−9 ML depending on the experiment.14,15 This effect
has been theoretically investigated by Shanenko et al. in
Ref. 16 and observed in many experiments.9,17,18
The new direction of studies devoted to superconduc-
tivity in nanoscale regime concerns the effect of quan-
tum confinement on the superconductor to normal metal
transition induced by the magnetic field. It has been
theoretically shown, that a cascade of jumps in the en-
ergy gap as a function of the magnetic field occurs in
the metallic nanowires.19 This effect has been explained
in terms of depairing in the subsequent bands when the
magnetic field increases.19 The oscillations of the per-
pendicular upper critical field in ultrathin lead films have
2been reported by Bao et al. in Ref. 20. This experimental
report has shown the even-odd oscillations of the upper
critical field for Pb nanofilms. It is also worth mentioning
that very recently an interesting effect has been found in
amorphous Pb nanofilm.21 Namely, the increase of the
critical temperature has been observed after application
of a parallel magnetic field to the sample.
According to our knowledge, the theoretical study of
the superconducting-normal metal transition induced by
the in-plane magnetic field and its interplay with the
quantum confinement has not been reported until now.
In the present paper we investigate the superconductor-
normal metal transition driven by the in-plane magnetic
field for Pb nanofilms. We show that the critical field
oscillates as a function of the nanofilm thickness with
the period of ∼ 2 ML (even-odd oscillations) modu-
lated by the beating effect with the periodicity of 7 ML.
The calculated paramagnetic critical field differs from the
Clogston-Chandrasekhar paramagnetic bulk limit.22,23
We also discuss the thermal effect and determine for-
mulas for Hc(T ) in the limit T → Tc(0). Finally, we
take into account the oscillatory behavior of the electron-
phonon coupling occurring in nanofilms and calculate Hc
as a function of the nanofilm thickness for the experimen-
tal samples for which a good agreement of theory and
experiment has been found in the study of the critical
temperature.24
The present paper is organized as follows. In Sec. II
we introduce the basic concepts of the calculation scheme
based on the Bogoliubov-de Gennes equations. In Sec. III
we analyze the results, while the summary is included in
Sec. IV.
II. THEORETICAL METHOD
The superconducting properties of the conventional
phonon-mediated pairing system for the high quality sin-
gle crystalline structures can be described with the use of
the BCS theory, which leads to the Bogoliubov-de Gennes
(BdG) equations in the form


H↑e ∆ 0 0
∆∗ −H↓∗e , 0 0
0 0 He,
↓ ∆
0 0 ∆∗ −H↑∗e




U↑i
V↓i
U↓i
−V↑i

 = Ei


U↑i
V↓i
U↓i
−V↑i

 ,
(1)
where Uσi and Vσi are the spin-dependent electron-like
and hole-like wave functions (σ =↑, ↓), ∆ is the super-
conducting energy gap and Ei is the quasi-particle en-
ergy. In the presence of the in-plane magnetic field H||
the Hamiltonian Hσe is given by
Hσe =
1
2m
(
−ih¯∇− e
c
A
)2
+ sµBH|| − µF , (2)
where s = +1 corresponds to the spin σ =↑ and s = −1
is related to the spin σ =↓, m is the free electron mass,
µB is the Bohr magneton, µF is the chemical potential
and A is the vector potential related to the parallel mag-
netic field.
In the present paper we neglect the orbital effects and
consider the superconducting nanofilms in the clean para-
magnetic limit. This approximation is justified for the
nanofilms with the thickness less than the magnetic
length aH =
√
h¯c/mH||. The use of the Clogston-
Chandrasekhar paramagnetic field for Pb HCC = 13.4 T
gives aH = 5.6 nm which means that the paramagnetic
approximation can be used for Pb nanofilms with thick-
ness less than ∼ 20 ML (we assume the lattice constant
for Pb, a = 0.286 nm).
In the paramagnetic limit the Hamiltonian can be fur-
ther simplified to the form
Hσe = −
h¯2
2m
∇2 + sµBH|| − µF . (3)
If we assume the periodic boundary conditions in the x−y
plane, the quasi-particle wave functions can be expressed
as ( Uσkxkyν(r)
V σ¯kxkyν(r)
)
=
eikxx√
Lx
eikyy√
Ly
(
uσν (z)
vσ¯ν (z)
)
(4)
where σ¯ denotes the opposite spin. In the equation (4)
the index i has been replaced by kx, ky, ν, where kx, ky
are the free electron wave vector components in the x and
y direction, while ν labels the quantum states in the z
direction. By substituting the wave function given by (4)
into the BdG equations (1) we obtain two independent
set of equations
(
H↑e (z) ∆(z)
∆(z) −H↓∗e (z)
)(
u↑ν(z)
v↓ν(z)
)
= E↑ν
(
u↑ν(z)
v↓ν(z)
)
, (5)
and(
H↓e (z) ∆(z)
∆(z) −H↑∗e (z)
)(
u↓ν(z)
−v↑ν(z)
)
= E↓ν
(
u↓ν(z)
−v↑ν(z)
)
,
(6)
where
Hσe (z) = −
h¯2
2m
d2
dz2
+
h¯2k2‖
2m
+ sµBH|| − µF (7)
and k2‖ = k
2
x + k
2
y. Assuming that the system is infi-
nite in the x and y directions (Lx, Ly → ∞), the order
parameter ∆(z) can be expressed as
∆(z) =
g
2pi
∫
dk‖ k‖
∑
ν
{u↑ν(z)v↓∗ν (z)
[
1− f(E↑ν )
]
+ u↓ν(z)v
↑∗
ν (z)f(E
↓
ν )}, (8)
where g is the electron-phonon coupling and f(E) is the
Fermi-Dirac distribution. The summation in Eq. (8) is
carried out only over these states for which the single-
electron energy ξσkxkyν satisfies the condition
∣∣∣ξσkxkyν
∣∣∣ <
3h¯ωD, where ωD is the Debye frequency and ξ
σ
kxkyν
is given
by
ξσkxkyν =
∫ d
0
dz
{
uσ∗ν (z)H
σ
e (z)u
σ
ν (z)
+ vσ¯∗ν (z)H
σ¯
e (z)v
σ¯
ν (z)
}
, (9)
where d is the nanofilm thickness in the z-direction. The
system of equations (5)-(6) and equation (8) are solved in
a self consistent manner until the convergence is reached.
As a result the spatially varying energy gap ∆(z) is ob-
tained. In the further analysis we often use spatially
averaged energy gap defined as
∆¯ =
∫ d
0
∆(z)dz. (10)
Since the chemical potential for nanostructures strongly
deviates from the bulk value, for each nanofilm thickness
we determine the chemical potential by using the formula
ne =
1
pid
∫
dk‖k‖
∑
σ
∑
ν
∫ d
0
dz
{
|uσν (z)|2f(Eν)
+ |vσ¯ν (z)|2[1− f(Eν)]
}
. (11)
In the calculations we adopt the the hard-wall potential
profile as the boundary conditions in the z direction.
The set of self-consistent equations can lead to solutions
with ∆ 6= 0 even for the values of the magnetic field for
which the superconducting phase is already not stable -
its free energy is greater than the free energy correspond-
ing to the normal metal solution (∆ = 0). That is why
in determining the critical field one should calculate and
compare the free energy of the normal and superconduct-
ing phase, as it is done here.
III. RESULTS
In this section we analyze the superconductor to nor-
mal metal transition induced by the parallel magnetic
field. The thickness range under consideration is chosen
based on the experiments which present measurements
for the Pb nanofilms with thickness varying from 5 to 30
ML. The calculations have been carried out for the fol-
lowing values of the parameters: gNbulk(0) = 0.39 where
Nbulk(0) = mkF /(2pi
2h¯2) is the bulk density of the single-
electron states at the Fermi level, h¯ωD = 8.27 meV, the
lattice constant a = 0.286 nm and the bulk critical tem-
perature Tbulk = 7.2 K which corresponds to the energy
gap ∆bulk = 1.1 meV. Within the parabolic band ap-
proximation used in the present model, the Fermi level
in the bulk µbulk is treated as a fitting parameter.
16 Its
value is determined based on the experimental results
from the photoemission spectroscopy.15,25 We take on
µbulk = 1 eV which corresponds to the λF = 1.2 nm
being about four times the single monolayer thickness a.
A. Paramagnetic critical field oscillations
In Fig. 1 the in-plane critical field Hc,|| as a function
of the nanofilm thickness is presented for different tem-
peratures T . The value of Hc,|| is determined based
on calculations of the energy gap as a function of the
magnetic field and is defined as the field for which the
spatially averaged energy gap ∆¯ drops below 0.01∆bulk.
Fig. 1(a) displays the oscillatory behavior of the para-
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FIG. 1. (Color online) In-plane critical magnetic field Hc,||
as a function of the nanofilm thickness d calculated for the
temperatures T = 0, 6, 8 and 10 K. Results for even-layered
nanofilms are marked by triangular red points while for odd-
layered nanofilms by square blue points.
magnetic critical field with the period of 2 ML. In the
thickness range 5 − 9 ML the critical field for the even-
layered films is higher than the critical field for the odd-
layered films. This relation reverses for films with the
number of monolayers varying from 10 to 22 ML and
changes again in the range 23 − 30 ML. The periodic-
ity of such modulation is equal to 12 ML. The even-odd
(bilayer) oscillations with the beating effect have been
observed in recent measurements of the critical temper-
ature14,15 and the electron-phonon coupling in Pb thin
nanofilms.9 In these experiments the modulation period-
icity varies from 7 ML in Ref. 15 to 9 ML in Ref. 25
indicating that this quantity depends on the quality of
the nanofilm and might vary from one experiment to an-
other. Both the oscillations of Hc,|| in Fig. 1 result from
the confinement of the electron motion in the direction
perpendicular to the film. In the ultra thin nanofilms, the
confinement of the electron motion leads to the quantiza-
tion of its energy. The Fermi sphere transforms into the
series of parabolic subbands, positions of which on the en-
ergy scale decreases with increasing nanofilm thickness.
Since the Cooper-pairing in the phonon-mediated super-
conductor is determined by the number of the electron
states in the energy window [µ− h¯ωD, µ+ h¯ωD] (h¯ωD is
Debye energy), the superconducting energy gap increases
4each time, the subsequent subband passes through the
Fermi surface. The presented mechanism, predicted the-
oretically in 1963 by Blatt and Thomson12, results in
the tooth-like oscillations of the spatially averaged en-
ergy gap ∆¯ as a function of the nanofilm thickness. The
tooth-shape of the energy gap oscillations is directly re-
lated to the changes of the electron density of states in the
vicinity of the Fermi level. It abruptly increases when the
subband minima reach the Fermi level and then exponen-
tially decreases with increasing nanofilm thickness.12 The
zero temperature energy gap ∆¯ as a function of the num-
ber of monolayers for Pb nanofilms is presented in Fig. 2.
We see that the shape of Hc,|| oscillations at T = 0 K
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FIG. 2. (Color online) Zero temperature spatially averaged
energy gap ∆ as a function of the nanofilm thickness d. Re-
sults for even-layered nanofilms are marked by triangular red
points while for odd-layered nanofilms by square blue points.
Green horizontal line denotes the value of the energy gap in
the bulk.
[Fig. 1(a)] is directly related to the shape of ∆¯ oscillations
in Fig. 2. It is because, in the ultra thin nanofilms with
in-plane magnetic field, the pair-breaking mechanism is
mainly governed by the paramagnetic (Pauli) limit which
is given by Clogston-Chandrasekhar22,23 (CC) formula,
HCC = ∆bulk/(
√
2µB). Therefore, the bilayer oscilla-
tions of the in-plane critical field result from the contribu-
tion of the subsequent subbands to the superconducting
energy gap. In Fig. 3 the quasi-particle energy E ver-
sus the wave vector k is presented for the film thickness
d = 7, 8 ML (a,b) and d = 10, 11 ML (c,d). The first pair
of thicknesses correspond to the range in which Hc,|| is
higher for the even-layered films while the second pair is
related to the range for which a reversed situation is ob-
served. We see that for the film thickness d = 7 ML three
lowest subbands participate in the creation of the super-
conducting state [Fig. 3(a)]. Increasing the thickness by
one monolayer causes that the forth subband begins to
contribute to the superconducting phase which leads to
the enhancement of the energy gap and the critical field
depicted in Fig. 1(a). In the thickness range 5−10ML the
subsequent subbands pass through the Fermi level only if
the number of monolayers is even. The period of the pas-
sages can be well estimated by the single-electron energy
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FIG. 3. Quasi-particle energy E as a function of the wave
vector k for the film thickness (a) d = 7 ML, (b) d = 8 ML,
(c) d = 10 ML, (d) d = 11 ML.
level in the form E ≈ h¯2pi2ν2/(2md2), where the hard-
wall potential is assumed in the z direction. It allows us
to determine the period ∆d = pih¯/
√
2mµ, which for the
assumed effective Fermi level gives ∆d = 2.14 ML. The
difference between 2 ML and the real period of the quan-
tum well states which pass through the Fermi surface
(∆d = 2.14 ML) results in the beating effect observed in
Fig. 1(a). In Fig. 3(c,d) the new subband (ν = 5) ap-
pears for the odd-layered film (d = 11 ML) which is in
contradiction to the pair d = 7, 8 ML [see Fig. 3(a)(b)]
for which the subsequent subband (ν = 4) appears for
the even-layered film (d = 8 ML). The interval in which
the critical field for the odd-layered films is higher than
for the even-layered films ranges from 10 ML to 22 ML.
The source of the beating effect is clearly visible in Fig. 4
in which the energy of the quantum well states as a func-
tion of the nanofilm thickness is presented. In Fig. 4 only
the states with the energy below Fermi level (set as zero
energy) are occupied and contribute to the Coooper pair
condensation. The closer to the Fermi energy they are
located the larger is their contribution to the density of
states. In Fig. 4 the energies closest to the Fermi level
are joined by the blue (red) line for the even (odd) num-
ber of monolayers. Note that such procedure leads to the
“structure”, in the sense of the shape, exactly the same
as depicted in Fig. 1(a).
Let us now discuss the value of the paramagnetic criti-
cal field obtained from our calculations. It is well-known
that in the ultra thin films with the in-plane magnetic
field, the orbital-magnetic interaction is strongly reduced
and the upper limit for the critical field is determined by
the paramagnetic breakdown of the Cooper pairs. The
formula for the paramagnetic critical field in the bulk
was derived by Clogston and Chandrasekhar22,23 and
has the form HCC = ∆bulk/(
√
2µB) which for Pb gives
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FIG. 4. (Color online) Energy of the quantum well states
EQW as a function of the film thickness d. Results for even-
layered nanofilms are marked by triangular red points while
for odd-layered nanofilms by square blue points. The Fermi
level µ is set to zero. The energy closest to the Fermi level
are joined by the blue(red) line for the even(odd) number of
monolayers.
HCC = 13.4 T. This value strongly differs from the crit-
ical field obtained in our calculations which vary from
18 T to 26 T. Such deviation for the Pb nanofilms has
been recently reported in Ref. 26 in which the experi-
mental critical field HC,||, has been much higher than
the paramagnetic limit HCC . It seems that such dis-
crepancy results from the fact that due to the electron
confinement in the nanofilm, the energy gap is enhanced
(Fig. 2) which leads to increase of the HC,||. Neverthe-
less, the use of the CC formula with the spatially av-
eraged energy gap calculated for each nanofilm thick-
ness HCCd = ∆¯(d)/(
√
2µB) still produces the value of
the critical field which is lower than the results from nu-
merical solution of the spin-generalized BdG equations,
i.e. for d = 6 ML, HCCd = 22.7 T while calculated
HC,|| = 26.3 T. This fact can be understood if we realize
that the superconducting energy gap depends on the z
coordinate and is not uniform as in the expression for
Clogston-Chandrasekhar field. Taking into account the
correction which results from the averaging of the energy
gap over the z coordinate we introduce the thickness-
dependent parameter α(d) and express the critical field
in the form
HC,|| = α(d)
∆¯(d)
µB
. (12)
Fig. 5 shows that the parameter α is the decreasing func-
tion of the thickness d and for sufficiently large thickness
reaches the value α = 0.707. The asymptotic behavior of
α(d) for d → ∞ results from the fact that for the large
thickness the spatially varying energy gap diverges to the
uniform one - compare ∆(z) for the thicknesses d = 6 and
30 ML presented in the inset of Fig. 5. The dependence
α(d) can be well fitted using the formula α = A/d+1/
√
2
(the thickness d denotes the number of monolayers - see
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FIG. 5. (Color online) α as a function of the film thickness d.
The red line is the fitting curve in the form α = A/d+1/
√
2;
A = 1.17. The inset: the spatially varying energy gap ∆(z)
calculated for the nanofilm thickness d = 6 ML and d =
30 ML.
Fig. 5) which clearly indicates that the parameter α di-
verges to the bulk value 1/
√
2 in accordance to the CC
theory. It should be noted that the smallest difference
between the quasiparticle energy in the superconducting
state and the Fermi energy is the same for each band
created due to the confinement of electrons in the direc-
tion perpendicular to the sample (c.f. Fig. 3). Using this
energy gap, instead of the averaged energy gap ∆¯ in the
CC formula, one obtains the same values of critical fields
as the ones resulting from the BdG equations.
B. Thermal effect
In the present subsection we discuss in detail the effect
of temperature on the superconductor to normal metal
transition induced by the in-plane magnetic field. The
critical field Hc,||(d) presented in Fig. 1 for different tem-
peratures T shows that its value gradually decreases with
increasing temperature. Since the critical temperature
oscillates as a function of the nanofilm thickness (simi-
larly to the energy gap depicted in Fig. 2), at the tem-
perature T = 10 K, the nanofilms with the thickness
d = 7, 8 ML are superconducting while the film with the
thickness therebetween transits to metallic state.
In Fig. 6 we present the spatially averaged energy gap
as a function of the magnetic field and temperature. The
results in Fig. 6 have been calculated for the nanofilm
thicknesses d = 7, 8, 10 and 11 ML. To make it more
transparent, the value of the energy gap in each of the
figures is normalized with respect to its maximum. In
Fig. 6 we can see that the range of the magnetic field
and temperature for which the sample is superconduct-
ing is larger for the thickness for which the enhancement
of the energy gap (see Fig. 2) is found. Nevertheless
the thickness-dependence is not visible in the normalized
6FIG. 6. (Color online) Spatially averaged energy gap ∆¯ as a
function of the magnetic field H and temperature T for the
nanofilm thickness (a) d = 7ML, (b) d = 8ML, (c) d = 10 ML
and (d) d = 11 ML. The value of energy gap in each figure is
normalized with respect to its maximum.
critical magnetic field h = Hc,||/Hc,||(0) as a function of
t = T/Tc(0), where Hc,||(0) and Tc(0) is the critical field
at T = 0 and the critical temperature for H = 0, respec-
tively. In other words the phase diagram h− t presented
in Fig. 7 looks the same for each film thickness which is
understandable if we recall our restriction to the Pauli
limit with no orbital effect. The initial behavior of h at
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FIG. 7. (Color online) Critical field h = Hc,||/Hc,||(0) as a
function of t = T/Tc(0) obtained from the solution of BdG
equations. Here the dashed green line corresponds to h =
1.52(1 − t)1/2. The first to second order transition, t∗, is
marked by arrow.
the temperature close to Tc (t = 1) can be well estimated
by the formula h = A(1 − t)1/2. Note that, in contrast
to the orbital limit with no Pauli effect, the slope of h at
critical temperature t = 1 is infinite and in the vicinity of
t = 1 is expressed by dh/dt ∝
√
1/(1− t). In this range
the transition at Hc,|| is of second order. In the Pauli
limit the second order transition is suppressed with de-
creasing temperature and below t∗ = 0.56 it becomes
the first order.27,28 The first to second order transition is
clearly presented in Fig. 8 in which the energy gap ver-
sus magnetic field is presented for different temperatures.
Note that the critical field Hc,|| at T = 0 is not equal to
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FIG. 8. (Color online) Spatially averaged energy gap ∆¯ as a
function of magnetic field H for different temperatures. The
first to second order transition emergences at t = t∗ = 0.56.
Calculations performed for the film thickness d = 10 ML.
the paramagnetic limit HCC but is further enhanced. A
detailed discussion of the deviation of the critical field
from HCC is presented in sec. III.A.
C. Thickness dependent electron-phonon coupling
The microscopic model based on the spin-generalized
BdG equations allows to analyze superconductor to nor-
mal metal transition in the nanofilms when its thickness
is reduced to few nanometers. However, in the nanoscale
regime, the confinement affects not only the electronic
spectrum, but also the phononic degrees of freedom. The
phonon dispersion in thin films strongly deviates from
that in the bulk.29 The quantization of the phononic
spectra in the nanofilms and its influence on Tc and en-
ergy gap oscillations have been considered in Ref. 30.
However, the effect of the confinement on the electron-
phonon coupling strength has not been included. This
lack has been recently supplemented by Saniz et al. in
Ref. 31. In this paper31 the authors have investigated
the effect of confinement on the strength of the electron-
phonon coupling as well as the electronic spectrum and
its influence on the oscillations of the critical tempera-
ture. The formula for the phonon-mediated attractive
electron-electron interaction has been derived with the
use of the Green function approach beyond the contact
potential approximation. It has been found that the in-
crease of the critical temperature observed in supercon-
ducting nanofilms is due to the increase of the number
of phonon modes what results in the enhancement of the
electron-phonon coupling. In contradiction to previous
7models7,16, this study predicts the suppression of the crit-
ical temperature with increasing density of states at the
Fermi level. Such conclusion seems not to be confirmed
by recent experiments in which the direct correlation be-
tween the Tc oscillations and the energy distribution of
the quantum well states in nanofilms is observed.15 In
order to determine the realistic value of the electron-
phonon coupling which occurs in experiments, there is
one more aspect which should be taken into considera-
tion. Note that the results presented in this paper regard
the so-called freestanding nanofilms. In fact, Pb films are
grown on Si(111) substrate and, for the purpose of the
transport measurements, are covered by the layer of Au.
Both these layers strongly affect the electron-phonon cou-
pling in the nanofilm due to the interface effect. It has
been recently observed25 that the electron-phonon cou-
pling for Pb nanofilms on Si substrate is lower than in the
bulk and diverges to the bulk value with increasing film
thickness. The results presented in Ref. 25 indicate that
the interface effect has a strong impact on the electron-
phonon coupling and should be taken into account in the
presented model in order to reproduce the experimental
data. The simple approximation which allows to take this
effect into account has been recently proposed by Chen
et al. in Ref. 24. It has been assumed24 that in the first
approximation the spatially-dependent electron-phonon
coupling can be well estimated by the formula
g(z) =
{
gif 0 < z < dif
g0 dif < z < d
, (13)
where dif is the interface thickness with the electron-
phonon coupling gif and g0 is the electron-phonon cou-
pling in the bulk. Averaging over the z coordinate and
including the oscillatory behavior of g coefficient reported
in experiments25 leads to the formula (for details see
Ref. 24)
g¯ = g0 −
g1
(
4piaN
λF
)
N
, (14)
where g1(x) is a periodic function, N is the number of
monolayers, λF is the Fermi wavelength and a is the
lattice constant. Since the period of Tc oscillations in
Pb nanofilms is measured to be ∼ 2 ML, the authors
of Ref. 24 have reduced the function g1(x) to only two
parameters: g1(pi) for an odd number of monolayers and
g1(2pi) for an even number of monolayers. By appropriate
choice of these parameters and by setting the Fermi level
to the value corresponding to the period of the quantum-
size oscillations (2 ML) one can well reproduce the exper-
imental data of Tc(d) coming form Ref. 15, 17, and 32.
The values of the parameters used for each of the men-
tioned references is presented in table I. In the present
subsection we use these parameters to predict the zero
temperature in-plane critical field as a function of the
nanofilm thickness. We believe that such procedure al-
lows to determine the realistic value of the critical field
comparable with recent experimental measurements.26
Reference g0N(0) g1(pi) g1(2pi)
Ref.15 0.36 −0.12g0 0.84g0
Ref.17 0.39 0.64g0 1.46g0
Ref.32 0.39 1.67g0 2.13g0
TABLE I. The value of parameters used in Ref. 24 to re-
produce the oscillations of Tc observed in experiments - see
Reference column.
The thickness-dependent oscillations of the zero temper-
ature critical field are presented in Fig. 9. Although the
periodicity of the Hc,|| oscillations for each of the consid-
ered references is the same and equal 2 ML, the charac-
teristics of these oscillations are different and vary form
one experiment to another. This difference regards the
overall trend of Hc,|| which is an increasing function of
the thickness in case of Refs. 17 and 32 but decreasing in
the case of Ref. 15. Note that the values of the critical
field in Fig. 9 are suppressed as compared to the critical
field calculated with the electron-phonon coupling for the
bulk [compare with Fig. 1(a)].
IV. SUMMARY
The superconductor to normal metal phase transition
driven by the magnetic field for Pb nanofilms is inves-
tigated with the use of the BdG equations. Only the
Pauli pair-breaking mechanism is included as it is as-
sumed that the external magnetic field is parallel to the
surface of the nanofilm. It is shown that the even-odd
oscillations of the critical magnetic field appear as the
thickness of the sample is increased. The shape of the
Hc,|| oscillations is directly related to the shape of the
thickness dependence of the superconducting gap. The
beating effect visible in the oscillations is discussed in the
context of the energy of the quantum well states which
appears due to the confinement of the electron motion in
the direction perpendicular to the sample. As it has been
shown the period in the nanofilm thickness between two
neighbouring peaks in the critical field is equal to 2.14
ML. As the number of the monolayers has to be an inte-
ger the beating effect appears in the oscillatory behavior
of Hc,|| and ∆¯. We also show that the zero-temperature
critical field in the nanofilms is higher than the Clogston
- Chandrasekhar paramagnetic limit and it diverges to
the CC value for sufficiently thick films. This fact is
explained in term of the spatially varying energy gap in-
duced by the confinement. The phase diagrams in the
(H,T ) plane are presented for different values of d. Ac-
cording to the obtained results the thickness-dependence
is not visible in the phase diagrams when both the field
and the temperature are normalized h = Hc||/Hc||(0)
and t = T/Tc(0). Moreover, the interface effect on the
electron-phonon coupling is included by using a simple
approximation proposed in Ref. 24. This leads to a spa-
tially dependent g factor and its oscillatory behavior with
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FIG. 9. Zero temperature critical field as a function of the nanofilm thickness. Results calculated for the parameters determined
from the fitting of Tc with experimental measurements from (a) Ref. 32, (b) Ref. 17 and (c) Ref. 15 (see table I).
increasing nanofilm thickness. As it is shown this effect
leads to a suppression of the critical field values in com-
parison to the ones corresponding to the bulk. We believe
that such approach allows for comparison of the calcu-
lated Hc,|| oscillations with the experimental results.
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